D‘{" A k-wlaqu ,4/7 & s an as:'jnmré yfa Colour 1o each. vertex usid o Pou’ af at most K colpwrs
A amlp‘\. has a4 k~abun\h7 js k- colourable .

Mote.. ,-/ G ie k- columble. then (¢ ic thn)— coloursble.

&enml w{ourirv 71«:417'»“ How many colpars  are peeded 4 colow a Jrqfﬁ? we wort fo miniwide  This .

A PP}:‘C&ﬁbns . @ schedulin
6 tomp ilers ”S'JM:T varisbles %o rarstm

Suppse  (x has n wetas = Gis n coloable
([Zhm: ko is n-solomble, but not @-)-olowobh| [Tms G s 2 colownsbe ift G e biprtite
Al Jop

Colourin 1 p[amw 4 mp/L
J ' Y

Theorem. Any pLMav- has o verter <f a@m af mest .
Pronf: Suppose. G is P]“"“” with n verdtites,
S’uppnse overy vertex in G has a(zt]me at least b. Then G has at  losct ‘%‘aﬁ z{}e‘ (By /fm(s,{aéfy)
6ine it is o planar Jmf/.. 7t has at most 3n-b a(l]u. = (onradictims,
%o at lesst one verter has dgmxmst &
[ ]
Thaorem. Any p[mwrr JmP/L is b colurable,
Pm»{: by indictin —on the & of wotis .
Be n=l. fen it is b- tolwable
LH: Any planar Jroph it n-1 verfles s b= tolouro ble,
i[5 Suppase. (3 is /J/anar with N jerfices.
Let u’be o vertex ”f a(ym at mst § in G. Obtn (' -f'vm & b/v heﬂwl:'y v and its mcdat  edges.
Then G i /o/aw with -] Verlices.
B/ induction //}/Mm‘s, ve Kiow G is L-Zolmiv.
keep the gome calourivg 7@« G for v oat pest 5 coln ae weed by % neisbour .
Sine. we hwe b colurs, at leact one Lmed colw S availbh #r v.

M(}bﬂaé—dﬂﬁjfké. .



Theorem . An\/ Plnm J’“F’L ‘s S~ colounble.
2

conime fion. »‘{ G is Plamxr, +Hon ﬁ/c is also /;law-

S B Yot

}erf nf S-volowr fhm. sfw('j inducton on fle.  numbe- pf vedites n. .
Pase cace : Any PlaMr J""f“ with ot most & vetbles oS- (oloursble
IH. Assume oy planar JMPA with fm Han p yertites 15 S - polamable.
LS. Suppose G is a flam (f""/’," with _n_vgtices
gl Let v be o verfer vf a(?jrsa at met S,
:u%iﬁ i][ dEJ{u) <4, then apply the a(rjumanf 74». b Gl thearem 1 pre Hhat it is S-olowsble .
/, Assume  that dwa =c_ Thoe exist tuo neighburs .y of v thit ave not adfunt. for oeswise. G tortins  Ke wph is a0t plonar.
8 let G be Shtaed %ﬂm I by mfuﬁ:’-j V6 Vy , Lot v be Yo cotactal vertex.
% Mow G is f(amr with. pa  vedices . B/ indutn &' s S- tolpurable. .
We Keep the same colaurs 7@ G erapt Xy meaive +he  colur af V¥ ¢t i /wsdﬁh she %y ore pot odjscent) So the /l¢(/'7héﬂ“‘
Vf V we at post 4 oo,
Sinte there ore. & colourc ot lact | i ovelable 74; v.

aﬁ‘n Conraction, Io/anav?fy Need 4o holof ,

o

Theorem .. Evm/ Planay erph is & - colowabl. 717101 Lompute. _preve o2

Mﬂ'ﬁ‘»f’daj
A mafab‘:.j in b is set ergfs whew o two edges chwe a mm (o e olis o mthing)
(each vertex is incidat with ot most one a{da in a mﬂnj}

= mm‘a/ul] CerI}/ &t is ;Lm‘l%/u‘:?)

ée«&fal 62: what s He nogrm size. of a Ma-fdf} /n a Jml;ln.?

@\: e ponfeck pathing . P&r‘]&é‘ﬁ Match = Mosimum  mathis
4%1‘0/@%7 927(‘ vertes) \—7

Qﬁ A vertex incident wibin an dJe in Am‘cbj is soliatedl, (Morube It is unsaturated,
A /"A'fﬂ‘:'j Yot  satumtes every vertex is q })074(:{ m?b(/i\]

(odd Goph does_pot hove /Jsrféct IM'M/U)
Covr:

@ o — (over Dpfn: A cover C»f ajmp)x G is e Set vf vedtites  where outry a?/u in G has ot least

one ml;»ht n C,

G'Gv\m{ a.' w)lﬁ't s ﬁlg Minimunn  g/'Be. 7[ a Cover in 4(77‘704?



Ma'ft/u\'hj Ve Lovers
Suppe. M. is a mfd\/j el Cis a wver

e 5 Z 3 Z e~ matching
3 4

é = Ininimam _gover~ = ¥ Csluny n0._ Common. W{NMU)) o Cover _3ize

[ zIm]

na

U <
(i’[ Ml=lcl, then we frml Ae mmﬂ.‘v 2 win mver)

7/1»-.'- 17[ M s am‘fa[y and Cis 0 cover -f G, then IMISIG[.

for each e{}e w oin M, ot leat me rf ko vin C. Since agas in M do not shire cowmen vertizs, C must  confai
Gt least M| Oictnet  veras. O

Cﬂo”ny-. i{ M s maa‘a/nl\n] and Cic a cover ,f G whee [MI=[el, flon M is o  mogmon m'tcb‘:-] el € is o mimmmn cover.

/}rau{: Jet M be ony mta{ij, Then [M[<]e[=]m], S0 M s movman.

let (' be any Coverr. Thon [c| zIM] <[c] . 5o C is pinimum. [0

I Jtnml, size of hox mfa/uy n(rjht not be e,ml to  Size q‘ in. Colew. e4. A’

Konigs Theorem:
Lo b-‘/urﬁtz 3"’?1"' e size zrf O Inaamun, mfd\:hj is aiunl ®  He &% "f A minttuin_ Coyer
idea attempt  fo fr‘u( an agwnm(in path
f»'[ fmd one,, up&ﬁ ma{du‘v_ frf ﬂl H ﬁmlm:, the m’fc/t/y s magmum.  gnel /M o Gove, vf Same gide,

A d

239 Bipartite Matching Algorithm B

bipartite graph G with bipartition (4, B). Let M be a matching in G.
vertices in A. Put these vertices into X.

d, then we have found an sugmenting path. Update the matching

ﬁthnd-ddmmm.mMngneighbommx,npuzm24
Qmummmmacmryuu\m.

max o (YA
X=fob.coel o e fursafl
Yefrasay

A ZAMM Inafch o Connet fink anyting
cover ﬁ'g*

s, Pmof-. Sppmse. M % XY ae ats we got ot the end of He

bipart:‘fe nmfdu’(nj algorithm.
A
B 1347, oo
Y ANE
We see that Here is no edje between X wmd BNY, Sne to vgwf*‘m—
wosel _clrgcover s edge Mpbu e vetex n BNY in Y.
This we clains #at YU(ANX) Js o cover
Now every vertex in Y is sobumted, 7& oftwrwise the a(l’mfﬁb\, 74‘,./; an
ﬂu"m‘ﬁ:’ path, and uoulol hove  continued .
alse oery vordex in AN K jc saursted, $ine pll unsbumled ipbies
inA are jn %
No maf’ch}:j cJ{,as ]g‘ms \f fo A~X (sine mﬁvh:’ naghlvnf Y we in X)
S0 each vertex Y ) (ANQ i ssbambed by o distict ma‘fahy g{}eg
Thea IM]=[Yviasxl
m

Coro”my'~ A bipartite 3mp/\ G with m edges anedmaximm dge o fas o miding of a2 ot least %‘
pmvf: we just need to prove That ewry cover has size ot [east M L[zy Konigs Thm)
Let C be o cover Fach vertex jn C eowrs ot most o argcs. Then C coers pt most d{c{ eyes,
But dlclzn. % [dz @



A ugman‘tfn? paths:
@ — saguatly path_(both ond with unsatarated veytites) :7M%3 e{yc & unwfcﬁ./:] edje  oppear all‘m:.ﬁbe//.

K}—\ = } (Switch m{ju in M) if not J[MU avmﬂb Po'f/\
E, Do o that it st pgohum mfcéy

De»)['l An al‘tam‘tf::j Pxfk P with respect b a iatding M is 'wk where tmsecutve ez{]af oHwnote botwoen jn M gnd not in M

An k(‘twmﬁy pott i on alberatie poth ot stwts o onds with difforent unsatuated  vortites (4474« D bt ore e act in M)

( 2
e ‘f L4 i an_ abianatig path
¢ ¢

7/ Y 1

<A’ If O Qumerting path ext, then Here is o limger matching ,

sat wmsot
‘#MJ.MHM/«J—J 2lteven+ | = evea # ,f vertles = odol path. =2 suitth  get one lo:,».
4irfaeM,remme fnnj i][ e%M. odd e to M

S Bt @P
Hall’s  thoorem -
When does o max m«'fdu‘:, exist that saturales all of AT [Boys} >(3!'r{s’ Bny; o[eJ(u)=a
What prevents salwating ol AT
TC""‘ J 0f Givls X€ BDYs. lﬁ(x)’dxl
heighbour
.Dﬂfn" let % be a gt verfites in (r. 711- n&;‘;héwy set N o0—o0 ez
Dy

18 the set of all wihices i G adjant o at laxt one vetex i X
Hally themem. Jot (G be boamtite with A,)oarﬁ'fb\, (A.B) . Then G fas a mm‘ah‘r:j ot  satursles every vertex in A

i Al ped, |V 20|
provfz > suppse M hmuﬁéy that  solurabes A Lot D ZA . Nen each vestex in D is matshed % o distnet vertex in MD) pgin

M & v | =]pf
& suppee o moamm pothing M gees 1ot salunnte ok vtz in A Then [m] <[A|
CGoal: Find o DeA  where WCD)'<IDI}- Acnc =
Qy kv'mjg Thoorem. thew egets g coer C o [M] =] ] A @z b&
Sine. Cis o ower, floe ic no age befwen  ANC amd BrcC, 5 /b
|l =[A0c] + [B | = [m] <A Bacl pre
N(ANC)

S0 MNCANe) €B~c |
7[@,1 1/1/( A\C)] < IB(IL, < [M-[A{\c[ =[Axe] s I/\/[A\c) [</,q\c[

&:mllar/: A k- r‘ﬁular bipartite Jro]pﬁ. with K3l has a Wﬁd /mﬁ%fv. D
/4

mex Suppme G has biportition CAB) . let Dep
There are K|D| er({/% incident with D, anel the othe- endpoirts_are in ne). K4 “"’fg‘

There ave - [DI ages incident with V(D)
S0 KIp) <klv®] , one kzl. thus [p] <[y
B)/ Hall% ﬁade»\,'/;'uf_ enst a nafc‘irj Hat satuwates /‘\ So B is olso Saturated. Honee it is a Perﬁcf mg.fc[:'rj

nep)

Csra”mr7'= AI')/ /AV%M/GV bl})dﬁﬁ ympﬁ. omn be /aarf'%'mgd into K Psq@:f ﬂn‘fc%ri:?‘



