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Defn A KcolouringofGisanassignmentofa colourtoeachvertexusinga poolofatmostkcolours
Agraphhasa kcolouring is Kcolourable

Note ifGis k colourable thenGisckincolourable
General colouring question Howmanycolours areneededto colour agraphwewanttominimizethis
Applications scheduling

compilers assigning variablestoregisters

suppose Ghas n vertices Gis ncolorable
7hm knis ncolourable butnotinncolourable Thm G is 2 colourableiff Gis bipartite1 1completegraph

colouringplanargraph

Theorem Any planarhasavertexofdegreeatmost5
proof suppose aisplanarwith n vertices

Supposeeveryvertexinahasdegree atleast6 ThenGhasat least G 3nedges Byhandshaking
sinceit is aplanargraph ithasatmost3Nbedges contradictions

soatleastonevortexhasdegreeatmost is
Die

Theorem Any planargraph is b colourable
proof byinduction on the ofvertices n

Bc n i then itis bcolourable
IH Anyplanargraphwith a verticesis 6colourable
I s suppose a isplanarwithn vertices
Letube avertexofdegree atmost 5 inG Obtain GfromGbyremoving uanditsincident edges
ThenG isplanarwith ni vertices
Byinductionhypothesis weknowiGis bcolouring
Keepthesame colouringforG For v atmost 5 colours areusedbyitsneighbour
Sincewehave6colours atleastoneunusedcolour is availableforv
Weget a 6 colouring for G
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Theorem Anyplanargraph is 5 colourable
contraction aye if GisplanarthenGleisalsoplanaro If Ie KI E

squeeze
together

proofofscolourthin stronginductiononthenumberofverticesn
BasecaseAnyplanargraphwithatmost5verticesis 5colourable aftercontraction planarityneedstohold
I.tl Assumeanyplanargraphwithfewerthan n vertices is sadorable
IS SupposeGis aplanargraphwithnvertices

gp Letvbeavertexofdegreeatmoses
gofa if degliau thenapplytheargumentfrom6colortheoremtoprovethatit is swhourable

Assumethatdegases Thereexisttwoneighbours xyofuthatarenotadjacent forotherwiseCcontains Kswhichisnot planar
aa LetGbeobtainedfromGbycontractingVxVyLet itbethecontracted vertex

Now G isplanarwith nz vertices ByinductionG is5colourable
Wekeepthesamecoloursfor a except xyreceivethecolourofv'tcthisispossiblesincexyarenotadjacent1Sotheneighbour
ofvuseatmost4colours
sincethereare 5colours atleast 1 isavailablefor v

I

Theorem Everyplanargraph is 4 colourable computeprove na

Matching

g AmatchinginGissetofedgeswherenotwoedgessharea commonIvertexm3eoneedgealsoamatching
eachvertexisincidentwithatmostoneedge inamatching

matching cemptysetisamatching

GeneralQwhatisthemaximumsizeofamatchingin agraph

f a
perfectmatching perfectmatch maximummatching115 conatchingeverysinglevertex

Defn Avertexincidentwithin anedgeinamatching is saturated Otherwiseitisunsaturated
Amatchingthatsaturateseveryvertexis aperfectmatching
oddgraphdoesnothaveperfectmatching

cover

oohqµµ
cover Defn AcovercofagraphC is asetofverticeswhereeveryedgeinGhas at Least

oneendpointin cV
GeneralQ whatis theminimumsizeof a coverin agraph



Matching vs covers
supposeAl is amatchingandCis acover

9es o ooo t sI minimumcover4ishavingnocommonvortexmatchings
14am

v u
1hm IfMisamatchingandCis acoverofG thenlatelol if1Mt14thenwefindthemaxmatching mincover
proof

foreachedge wina atleastoneofuoruin c sinceedgesinadonotsharecommonvertices Cmustcontain
at least1midistinctvertices a

corollary if NIismatchingandCisacoverofGwhereIM114 thenAlis a maximummatchingand c is aminimumcover
proofLetMbeanymatching ThenINlelelIMI so Mis maximum

Let Cbeanycover Then lilshut KI so C isminimum I

In general sizeofmaxmatchingmightnotbeequalto sizeofmincover e.g

Konig'sTheorem

In abipartitegraph thesizeofamaximummatching isequal0 thesizeofaminimumcover
idea attempt tofindan argumentingpath
iffindoneupdatematching iffailtofindonethematchingismaximumandfindacoverofsamesize

innitL unstaurated

Proof Suppose MXoXYaresetswegetattheendofthe
bipartite matching algorithm

A T 5
B t.EEq andBy

cover
weseethatthereisnoedgebetweenXandBYsincethealgorithm
woulddiscoverthisedgeandplacethevertexin B1Y inY

X X X ThusweclaimsthatYuan is acover
NoweveryvertexinYissaturatedforotherwisethealgorithmfindsan

aoob xo augmentingpathandwouldhave continued

y f y o o alsoeveryvertex in Aix issaturatedsinceall unsaturatedvertices
to lob inAareinXoe maxwww.yumxi ydoy 1 over t.gs
e Nomatchingedgesjoins4toA csincematchingneighborofYareinX's
y.to soeachvertexinYucandissaturatedbyadistinctmatchingedgesofsad mgximwimermam.ggfind

anything Then11h14YuiAxil
The

Corollary AbipartitegraphGwithmedgesandmaximumdegreedhasamatchingofsize at leastYa
proof wejustneedtoprovethateverycovenhassizeatleastMdcbyKonig'sThmi
LetCbea coverEach vertex inCcovers atmost a edges ThenCcoversatmost414edges
Butdlclamso1477T a



Augmentingpathsi

o f f augmentingpath bothendwithunsaturatedvertices matchingedge unmatchingedgeappear alternatively

o come
ffgf cswitchedgesin1M ifnotfindingaugmentingpatho o o ne clamthat it isthemaximummatching

Defn Analternating pathPwithrespectto amatchinginis apathwhereconsecutiveedges alternatebetween innandnotinin

Analternatingpathis analternativepaththatstartsandendswithdifferentunsaturatedvortices thefirst lastonearenotinus
2 3eg o 1.4isanalternatingpath

HysellItso 9
ifanaugmentingpathexist thenthereis a largermatchingA

sat unsae
augpatho oamonoomnot.no iteven I even ofvertices oddpath switchgetonelarger

ammoomsommonsoosommoa Gifeenremoveefrom ifeelMaddEtoM

Hall'stheorem
whendoesamanmatchingexistthat saturatesallofA lBoyslslgirlslBoys ooovdegcur.o
What prevents us fromsaturating allofIt YGirls XeBoys INCH141neighbourofxDefn Let x bea setofvertices inG TheneighboursetNan o o
isthesetofallverticesinAadjacenttoatleastonevertexin X x Y

Hall'stheorem Let Cbebipartitewith bipartition CAB Then Ghas a matching that saturateseveryvertex in A
iffforallDea INcoil7101

proof supposeMisthematching thatsaturates It LeeDEA TheneachvertexinDismatchedtoa distinctvertexinNCDusing
µ SoINcoilIN
suppose a maximummatchingMdoesnotsaturate everyvertex in It ThenIMIIAI
GoalFinda Dea whereINKIDD a

ByKonig'sTheorem thereexistsa coverCwhereIMI14 A
Since Cis acoverthereis noedgebetweenAacandBic B
soNcaaeB c 141And1Bnd1micIAI Bnc Bic
ThenINCAkilElBrelaIAIland land SoINcasekIAul c
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Corollary A kregular bipartitegraphwith Kaihas a perfect matching

proof suppose Ghasbipartitionca LetDea a
KlayedgesThereareHDIedgesincidentwithDandtheotherendpointsareinNCD X B

Therearek101edgesincidentwithNcis was
soKimeKIMDil sinceKaithus IDieIncal
ByHall'stheoremthereexistamatchingthatsaturates it soBisalsosaturatedHenceit is aperfectmatching

Corollary Anykregularbipartitegraphcanbepartitioned into K perfectmatching


