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The ”Master Theorem” provides a formula for the solution for many recurrence relations.
Suppose that a ≥ 1 and b > 1. Consider the recurrence

T (n) = aT (
n

b
) + Θ(ny)

in sloppy or exact form. Denote x = logab . Then

T (n) ∈


Θ(nx) if y < x

Θ(nxlogn) if y = x

Θ(ny) if y > x

The Master Theorem is really similar to Merge sort (Θ(nlogn)).
Suppose that a ≥ 1 and b ≥ 2 are integers and

T (n) = aT (
n

b
) + cny, T (1) = d

Table 1: Solution table:
Size of subproblem # nodes cost/node total cost

n = bj 1 cny cny

n
b

= bj−1 a c(n
b
)y ca(n

b
)y

n
b2

= bj−2 a2 c( n
b2

)y ca2( n
b2

)y

· · · · · · · · · cdots
n

bj−1 = b aj−1 c( n
bj−1 )y caj−1( n

bj−1 )y
n
bj

= 1 aj d daj
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Proof:
Consider aj = (bx)j = (bj)x = nx

Then we have

daj + cny

j−1∑
i=0

(
a

by
)i

= dnx + cny

j−1∑
i=0

ri where r =
a

by

Consider r = a
by

= bx

by
= bx−y

Let

S =

j−1∑
i=0

ri ∈ Θ(rj)

Since 1 + r + r2 + · · ·+ rj−1 = rj

j−1
∈ Θ(rj)

Thus rj = (bx−y)j = (bj)x−y = nx−y

Therefore we have
T (n) = dnx + cnynx−y

If r > 1 (i.e.x > y) → Θ(dnx + cnynx−y) ∈ Θ(nx)

If r = 1 (i.e.x = y) → Θ(dnx + cny
∑j−1

i=0 r
i) ∈ Θ(dnx + cnyj)

→ Θ(dcj(nx)) ∈ Θ(nx(logn))

If r < 1 (i.e.x < y) → Θ(dnx + cny) ∈ Θ(ny)

2



 
Master Method Question Explanation

1 Tcn Tcn11th
Consider Ten Ten1 n

Ten2 n l in

Ten3 th 21n ith
a

Tcl 121 en Hn 4h21cOW

2 Tim 27cm 11
consider the following tree

1 n done I work 20
Tenth1cm done 1 1 work 2

Tcn.dz YcayTnY2FTcnz doneHHHIwork 22

Thus weget 112141 2 1 11312 2 1 cOcd



3 Tin JnTcJn th Thi 2
The question is hardbut we canapply the samemethod shown above

Consider the following tree

Tcm

1

done n work

Tt i Tt ThereareInnodesandeachnodesdone Inworks

totalwehave In In n work

for ith level we have ht nodes andeach nodesdone E tf
Therefore each level we do n n Eton n work

consider the height of tree
n
k
2

K
login a

logn 2K
loglogn K

i we havelogdognl levels and each level we do n works

To sum up we have Olalogdogni complexity



4 Tin 31147 tug
we also construct a tree to solve this type of problem

In doneIgn workNTBI TE TH done 3wY w nhfn work

I

for 1hlevel we have 3 nodes and each nodes done g work

Therefore for ith level we have si.FIwg wngnTg work

Total we have bgsn levels

Then we have

1 n Fyn 6 53 wgzEg
1 wgntbgn.bg

7EwgFIwgs fg EEifg.nT
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